INTRODUCTION
In enumerative combinatorics on finite graphs, counting the number of cycles contained in a finite simple graph is one of the most traditional problems. Let G be a finite connected simple graph with d vertices and e edges. Let c(G) denote the number of cycles of G. It is known that
where e − d + 1 is called the cyclomatic number of G. Let c 4 (G) denote the number of 4-cycles of G and k 4 (G) that of K 4 , the complete graph with 4 vertices. In the language of commutative algebra, the invariant c 4 (G) − k 4 (G) coincides with the graded Betti number β 1,2 of the edge ring ( [7] ) of G. Hence, by virtue of [3, Corollary 2.6] , it follows that
if G has at least one odd cycle and that
if G is bipartite. It is then reasonable to discover a finite connected simple graph G with k 4 (G) > 0 for which c 4 (G) − k 4 
. However, our effort has failed to find a desired example. It turns out that, taking our failure into account, we cannot escape from the temptation to prove the inequality c 4 (G) ≤ e−d+1 2 for any finite connected simple graph with d vertices and e edges. In fact, the main result of the present paper is 
Theorem 0.1 will be proved in Section 2. In addition, a purely combinatorial proof of the inequality (1) will be achieved (Proposition 1.5).
GRAPHS WITH AT MOST ONE K 4
Let G be a finite connected simple graph with d vertices and e edges. Given a graph G, let c 4 (G) denote the number of 4-cycles of G and k 4 (G) that of K 4 , the complete graph with 4 vertices. First, we give examples such that equality holds in equations (1) and (2) . Example 1.1. Let K d denote the complete graph on d ≥ 4 vertices and K ℓ,m the complete bipartite graph on the vertex set {1, . . . , ℓ} ∪ {ℓ + 1, . . ., ℓ + m}. Then
Note that
Given a graph G on the vertex set {1, . . ., d}, let P G ⊂ R d denote the convex hull of {e i + e j | {i, j} ∈ E(G)}, where e i is the ith unit coordinate vector in R d . The polytope P G is called the edge polytope of G. Let f 1 (G) be the number of the edges of the edge polytope of G. Several bounds for f 1 (G) are given in [4, 8] . In particular, the following proposition appears in [8] . Proposition 1.2. Let G be a graph with e edges. Then
By using this fact, we have the following. 
Proof. By Proposition 1.2, we have
It is known [6, Proposition 1.3 ] that the dimension of P G is
Since P G has e vertices and at least dim P G edges of P G are incident to a vertex of P G ,
if G is bipartite,
Thus by (3), we have
with equality holds if and only if the edge polytope of G is a simple polytope. Simple edge polytopes are classified in [7] . The edge polytope P G is simple if and only if either P G is a simplex or G is a complete bipartite graph. It is known that P G is a simplex if and only if either G is a tree or G has exactly one odd cycle and it is a unique cycle of G.
In particular, if the edge polytope of G is simple, then G has no K 4 .
Let ε(G) = 1 if G is bipartite, 0 otherwise. By the following lemma, we often assume that a graph G is 2-connected. 
is nonnegative. (The last value is zero if and only if either (i) at least one of H i is a tree or (ii) H 1 has exactly one cycle and the length of the cycle is odd and H 2 is bipartite.) Thus
Applying this argument to G 1 , . . ., G s , we have a desired conclusion.
We now give a purely combinatorial proof of the inequality (1).
When G has no vertices of degree one, equality holds if and only if G is the complete bipartite graph K
Proof. We proceed by induction on d and e. Let G be a bipartite graph such that c 4 (G) > e−d+2 2
. By Lemma 1.4, we may assume that G is 2-connected. Let G ′ be a subgraph of G obtained by deleting an edge e 0 of G. Then G ′ is connected. Let c 4 (e 0 ) denote the number of 4-cycles of G containing e 0 . By the hypothesis of induction, we have
.
. Since all edges satisfy this condition,
This contradicts to Proposition 1.3.
On the other hand, let G be a bipartite graph such that c 4 (G) = e−d+2 2
and that G has no vertices of degree one. By Lemma 1.4, G has no bridges since G has no vertices of degree one. Let G ′ be a subgraph of G obtained by deleting an edge e 0 of G. Since
and hence G is a complete bipartite graph. Since G is not a tree,
if and only if e = 2(d − 2). It then follows that G is the complete bipartite graph
We now show that, if G has at most one K 4 , then the inequality (2) Proof. We proceed by induction on d and e. Let G be a connected graph having at least one odd cycle such that k 4 (G) ≤ 1 and
. By Lemma 1.4, we may assume that G is 2-connected. Let G ′ be a subgraph of G obtained by deleting an edge e 0 of G. Then G ′ is connected. If G ′ is bipartite, then there exists no C 4 that contains e 0 . Hence
which is a contradiction. Thus G ′ has at least one odd cycle. By the hypothesis of induction, we have
However, by Proposition 1.3,
if G has no K 4 , and
if G has one K 4 . This is a contradiction.
On the other hand, let G be a connected graph having at least one odd cycle such that c 4 
and that G has no vertices of degree one. By Lemma 1.4 and Proposition 1.5, if G has a bridge, then 2-connected components of G consist of K 2,m , an odd cycle and bridges. Suppose that G has no bridges. Let G ′ be a subgraph of G obtained by deleting an edge e 0 of G. Then G ′ is connected. If G ′ is bipartite, then there exists no C 4 that contains e 0 . Thus we have
Hence G ′ is either a tree or the complete bipartite graph K 2,m (by removing vertices of degree one). Therefore G is either an odd cycle or a graph obtained by adding a path to the complete bipartite graph K 2,m . Suppose that for any edge e 0 of G, the subgraph of G obtained by deleting e 0 has at least one odd cycle. Then
4 . Since G has no vertices of degree one, G is an odd cycle. This contradicts to the hypothesis that G ′ has at least one odd cycle.
PROOF OF THE MAIN THEOREM
Given a graph G on the vertex set
In this section we will give an upper bound for c 4 (G) in terms of e − 
, with equality holds if and only if either d = 4 or k = 1.
Given a graph G on the vertex set [d], let
Several upper bounds for Σ 2 are known. For example, if δ = δ (G) and ∆ = ∆(G), then
See [1, 2] . Note that, for any α ≤ δ and α ′ ≥ ∆,
In addition,
holds if and only if G is either K d or K m,m with d = 2m.

Proof. Let c t (i, j) denote the number of t-cycles of G containing {i, j} ∈ E(G). Then
Since αd ≤ δ (G)d ≤ 2e, we have 2e − αd ≥ 0. Equality holds if and only if α = δ (G) and G is a regular graph. In this case,
It follows that
for any β ≥ ω(G). Next we will classify graphs G with
The complete graph
By substituting these values, we have
On the other hand, if 3 . By substituting these values, we have
Conversely, suppose that G = K d , K m,m satisfies equality. It then follows that
for any edge {i, j} of G. From (7), we have
Hence any vertex of G is adjacent to either i or j. Moreover, from (6), if {i, k} and { j, ℓ} are edges of G with k = j, ℓ = i, k = ℓ, then {k, ℓ} is an edge of G. Let K r (r < d) be a maximum clique of G.
Case 1 (r ≥ 3): Since G is connected, there exists an edge {i, j} of G such that i is a vertex of K r and j is not a vertex of K r . Then the above claim guarantees that j is adjacent to all vertices of K r . This contradicts to the hypothesis that K r is a maximum clique.
Case 2 (r = 2): Let {i, j} be an edge of G. Since G has no triangles, any vertex of G is adjacent to exactly one of i and j. Moreover, since c 4 
Thus equality holds if and only if ℓ = m.
As an application, we have the following fact that will play an important role for a proof of the main theorem. 
Corollary 2.3. Let G be a connected graph with d vertices having at least one odd cycle. If G satisfies one of the following conditions, then we have c 4 (G)
Hence
Since δ ≥ 4, we have e ≥ 2d. Thus
(ii) Let δ (G) ≥ 12. Then d ≥ 13 and e ≥ 6d. By substituting α = 4 and β = d − 2 in the inequality in Theorem 2.2, we have
, by substituting α = 5 and β = d − 2 in the inequality in Theorem 2.2, we have
The minimum value of this function is 1 32
for e = , we may assume that G ′ is connected. If G ′ is a bipartite graph, then G has no K 4 since G ′ has no triangles. Suppose that G ′ has at least one odd cycle. Then G ′ satisfies the inequality (2) and hence we have
Since G ′ is a connected graph with d − 1 vertices, it follows that 
On the other hand, by the hypothesis, each edge {v, v i } is contained in at least e − d + 1 4-cycles of G.
and hence
(iii) We may assume that ∆ ≤ d − 2 by (i). Let v be a vertex of G of degree δ that is adjacent to v 1 , . . . , v δ and let G ′ an induced subgraph of G obtained by deleting v. Note that the number of C 4 that contains v is equal to ∑ 1≤i< j≤δ s i j , where 
If G ′ satisfies the inequality (2), then we have
This is nonnegative if
δ is even,
δ is odd.
(iv) Let G be a 2-connected graph with minimum degree δ ∈ {2, 3} having at least one odd cycle such that
Suppose that the inequality (2) holds for any connected graph G ′ having at least one odd cycle obtained by deleting either a vertex or an edge of G. 
Suppose that δ = 3. By (ii) and (iii), we may assume that
Since 3d − 9 < Proof. Let G be a 2-connected graph with d ≥ 6 vertices having at least one odd cycle with
Suppose that the assertion holds for any connected graph G ′ having at least one odd cycle obtained by deleting either a vertex or an edge of G. This is a contradiction.
It would, of course, be of interest to classify all finite connected simple graphs G which satisfy the equality c 4 (G) = e−d+1 2 .
